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The Weyl-Yang gravitation gauge theory is investigated in the framework of a pure higher-
dimensional non-Abelian Kaluza-Klein background. We construct the dimensionally reduced field
equations and energy-momentum tensors as well as the four dimensional modified Weyl-Yang+Yang-
Mills theory from an arbitrary curved internal space which is a extension of our previous model. In
particular, the coset space case is considered to obtain explicitly the interactions between the gravi-
tational and the gauge fields. The results not only appear to be generalization of the well-established
equations of non-Abelian theory but also contain intrinsically the generalized gravitational source
term and the Lorentz force density.
PACS numbers: 04.50.Cd, 04.50.Kd, 04.50.-h, 11.25.Mj:
I. INTRODUCTION
The Kaluza-Klein (KK) theories [1–4] base on the
idea of a unification of well-known gravitation and U(1)
Abelian gauge interactions on a circle bundle with purely
geometrical point of view in the four-dimensional (4D)
effective theory, when extra space dimension is com-
pactified (i.e. invisible through Kaluza’s cylinder con-
dition). This idea can naturally be generalized to the
case of a non-Abelian gauge fields [5–13] describe the
strong and weak interactions leads to most natural gen-
eralization of Einstein-Maxwell theory on a principal fi-
bre bundle structure in the (4 + N)-dimensional space-
time, i.e. the usual 4D spacetime (external) plus N -
dimensional compact sub-space (internal), usually pre-
ferred to be the coset space [14–20] or the group man-
ifold [21] (and references therein). The gauge symme-
try group of external space comes remarkably from the
isometry group of internal space in the KK-type multi-
dimensional unified field theories, and therefore they have
been extensively discussed from many different angles
over the years by other unification theories (for a com-
plete overview see [22–24]) such that the supergravity [25]
and superstring [26] theories.
To obtain equations of motions of Abelian or non-
Abelian KK theories (most of gravitational theories) we
conventionally prefer to employ well-established Hilbert-
Einstein action as a gravitational Lagrangian. How-
ever, there is an alternatively Yang-Mills-style gravita-
tional formulations (also known as gauge theories of grav-
itation) which had already been considered very early
by Weyl [27], Lanczos [28], Lichnerowicz [29], Stephen-
son [30], Higgs [31], Kilmister and Newman [32], later im-
proved by Yang [33] and further investigated by Thomp-
son [34], Pavelle [35] and Fairchild [36].
The Weyl-Yang gravitational Lagrangian is a quadratic
in Riemann-Christofell tensor, and two distinct Ein-
steinian field equations are obtained by considering the
∗ kuyrukcu@beun.edu.tr
metric and the affine connection are independent dynam-
ical field variables without torsion and with torsion [38–
40]. The theory may be called Yang-Mills approach to
gravity because the equations of motions are similarly
achieved as those of the Yang-Mills [41] or the well-
known classical electromagnetic theory. Actually, these
Maxwellian field equations may appear a special limit of
those are given by Hehl and et al [42] considering nonzero
torsion is also independent variable within the framework
of the theory so-called Poincare´ Gauge theory of Grav-
ity [43], and references given there. Although the ini-
tial appeal for quadratic-type of alternative gravitational
theory is faded as a gauge formulation of gravitational
physics, it is interesting in its own right, it is still prevail-
ing as effective theories of modified gravity, specifically in
quantum gravity [44] and loop quantum cosmology [45].
Recently, that simple quadratic gravitational Lagrangian
model is shown to be very useful to overcome some cos-
mological problems in the real four space-time dimen-
sions [46–52]. The physical plane-wave solutions of the
theory in the four and five dimensions is also developed
and discussed by Bas¸kal [53] and Kuyrukcu [54], respec-
tively.
In the present paper, we completely generalize meth-
ods and results from our previous work Bas¸kal and
Kuyrukcu [55] to the non-Abelian case without includ-
ing any scalar fields by taking into account spinless and
torsionless Weyl-Yang gravity model in the context of
the more than five dimensional pure KK theories. As
is well-known in KK theories, the 4D matter is induced
from geometry in higher dimensions that the space-time
is empty. In our approach, the 4D matter-spin source
term is induced from those that matter carrying energy-
momentum but not possessing any spin tensor. We also
extend the reduced equations to more physical forms by
taking the compact internal space as a homogeneous
coset spaces background needed in KK theories. We can
achieve this construction the following outline of our ar-
ticle. In Sec. II and III, we begin a brief review of both
of the non-Abelian KK theory and Weyl-Yang gravity
model, respectively, to remind the reader some basic el-
ements of those theories for convenient reading, and to
2introduce the relations which we employ all along in the
work. In Sec. IV, we perform a popular dimensional
KK reduction procedure to obtain the modified 4DWeyl-
Yang+Yang-Mills action from a pure (4+N)-dimensional
Weyl-Yang gravitational Lagrangian without supplemen-
tary matter fields. In that respect, the dimensionally
reduced field equations which contain naturally the gen-
eralized gravitational source term and the Lorentz force
density and stress-energy tensors are simultaneously in-
vestigated, and they are compared with the our previous
gravity model and standard higher-dimensional KK theo-
ries in Sec. V and Sec. VI, respectively. As a by-product,
the coset space case of the theory is also included which
leads to more physical results and some plain solution
of the field equations in some detail. Finally, the last
section demonstrates a brief discussion and conclusions
obtained from our analysis.
II. THE NON-ABELIAN KALUZA-KLEIN
THEORY
We briefly review here the major steps of non-Abelian
KK framework unifying gravitation and Yang-Mills theo-
ries in more than five dimensions. First, let us remember
some basic notions of that theory in the usual way for
convenient reading. In what follows, the Greek indices
µ, ν, ... = 0, ..., 3 refer to the external 4D flat Minkowski
(Ricci flat) space-time M4, admitting the metric gµν(x)
with usual signature and collectively coordinates x ∈M4.
The Latin indices i, j, ... = 5, ..., 4+N refer to the curved
internal N -dimensional compact subspace MN such as
simply the hypersphere or hypertorus, admitting the
metric gij(y) with Euclidean signature and collectively
coordinates y ∈ MN , whereas the Latin capital indices
A,B, ... = 0, ..., 3, 5, ..., 4+N refer to the whole (4 +N)-
dimensional Minkowski space M4+N , with the metric
gˆAB(x, y) and associated with the collectively event z ∈
M4+N , z = (x, y). The quantities with/without the hat
symbol demonstrate the ones in the (4+N)-dimensional
entire space/in the usual 4D external space,respectively.
The stable ground state of the generalized 5D KK theory
is assumed to be, at least locally, a direct space product
of the formM4+N = M4×MN which is a trivial principal
bundle over a M4 with fibres MN , instead of assuming
to be only M4+N . Finally, the Greek indices α, β, ... re-
fer to any compact isometry (Lie) group G of MN , run-
ning over the rank of G, i.e. α, β, ... = 1, ..., dim(G).
The isometries of the internal manifold produce linearly
independent space-like Killing vectors fields ξiα(y) each
corresponding to a metric symmetry in an elegant way.
The symmetries of MN appear to be gauge group in the
real 4D world for the effective observer as to be the 5D
KK approach. The Killing vectors fields ξiα(y) satisfy the
Lie’s equation
[ξα, ξβ ]
i ≡ ξjα∂jξ
i
β − ξ
j
β∂jξ
i
α = −fαβ
γξiγ , (1)
corresponding to the Lie algebra by the Lie bracket and
the following isometry condition
Lξgij ≡ ξ
αk∂kgij + gik∂jξ
αk + gjk∂iξ
αk = 0, (2)
which gives Killing’s equation D(iξ
α
j) = 0, respectively.
Here, fαβ
γ are the real antisymmetric fαβ
γ = −fβα
γ
structure constants of G. The components of the (4 +
N)-dimensional metric gˆAB(x, y) can be written in terms
of the massless gauge fields (Yang-Mills vector bosons)
Aαµ(x) of the general group G and the Killing vectors
fields ξiα(y) in the higher-dimensional space-time M4 ×
MN as follow
gˆµν(x, y) = gµν(x) + gij(y)ξ
αi(y)ξβj(y)Aαµ(x)A
β
ν (x),
gˆµj(x, y) = gij(y)ξ
αi(y)Aαµ(x), (3)
gˆij(x, y) = gij(y).
It is very useful and convenient to make metric gˆAB(x, y)
block diagonal for calculations. It can achieve choosing
the basis in the so-called noncoordinate (anholonomic,
horizontal lift) basis [10] with
Eˆµ(x, y) = dxµ,
Eˆi(x, y) = dyi + ξαi(y)Aαµ(x)dx
µ. (4)
The dual basis can be found by help of the identity
EˆAιˆB = δˆ
A
B in the following forms
ιˆµ(x, y) = ∂µ − ξ
αi(y)Aαµ(x)∂i,
ιˆi(x, y) = ∂i. (5)
Hence, the metric components in equation (3) reduce
a simple forms so that the (4 + N)-dimensional metric
gˆAB(x, y) becomes
gˆAB =
(
gµν(x) 0
0 gij(y)
)
. (6)
It is very easy to raise and lower indices by taking into ac-
count the form of gˆAB(x, y) in equation (6). By employ-
ing necessary relations can be found in [56] for this basis,
the non-zero components of the (4+N)-dimensional Rie-
mann tensor RˆA BCD decomposes into
Rˆµ νλσ = R
µ
νλσ − lαβ(F
αµ
νF
β
λσ + F
αµ
[λF
β
|ν|σ]),
Rˆi νλσ =
1
2
ξαiDνF
α
λσ ,
Rˆi νjσ =
1
2
Djξ
αiFανσ −
1
2
lαβF
α
στF
βτ
ν , (7)
Rˆµ νij = Djξ
α
i F
αµ
ν +
1
4
ξαi ξ
β
j (F
αµτF βτν − F
βµτFατν),
Rˆi jkl = R
i
jkl,
where the following abbreviation are introduced
lαβ =
1
2
gijξ
αiξβj . (8)
We give these expressions, since they are the basis of
what follows. For completeness, the electromagnetic field
3strength tensor Fαµν(x) and the Yang-Mills total covariant
derivative in equation (7) are explicitly given by
Fαµν = ∂µA
α
ν − ∂νA
α
ν + fβγ
αAβµA
γ
ν , (9)
DµF
α
νλ = DµF
α
νλ + fβγ
αAβµF
γ
νλ. (10)
The reduced forms of Ricci tensor RˆAB are, on the other
hand, expressed as
Rˆµν ≡ Pµν = Rµν − lαβF
α
µλF
β
ν
λ, (11)
Rˆiν ≡ Qiν = ξ
α
i DµF
αµ
ν , (12)
Rˆij ≡ Uij = Rij +
1
4
ξαi ξ
β
j F
α
λτF
βλτ . (13)
Here, Rµν and Rij are the 4D Ricci tensors of external
and internal spaces, respectively. In the usual man-
ner, we assume that a matter-free Hilbert-Einstein La-
grangian which is linear in curvature components pro-
portional to the dimensional constant 1/2κˆ2 leads to
SˆHE(x, y) =
1
2κˆ2
∫
M4+N
Rˆ
√
−gˆ d4x dNy, (14)
where Rˆ is the (4 + N)-dimensional curvature scalar of
the Riemann space and the κˆ is coupling constant which
satisfy κˆ2 ≡ 8piGˆ/c4 together with the universal gravita-
tional constant Gˆ. The Ricci tensor contracting to get
Ricci scalar, we find the curvature invariant correspond-
ing to the non-Abelian ansatz is given by
Rˆ(x, y) = R(x) +R(y)−
1
2
lαβ(y)F
α
λτ (x)F
βλτ (x), (15)
where R(x) and R(y) are scalar curvatures in four and
N dimensions, respectively. As is well-known, to obtain
conventional form of the 4D gauge fields in equation (15),
i.e. to construct a desired 4D field theory which only
includes the graviton and massless Yang-Mills fields, we
must select and normalize the Killing vectors fields such
that
2lαβ ≡ gij(y)ξ
αi(y)ξβj(y) = cδαβ , (16)
for some constant c so that the right-hand side of
equation (15) is independent of the internal coordi-
nates [57, 58]. We also add an appropriate cosmological
constant term Λˆ to the action of the theory (14) to avoid
contributions from non-zero R(y) term.
We can obtain an appropriate vacuum solution look-
ing for the equations of motion RˆAB = 0 as classical KK
framework. However, the last equation (13) is not vanish
Rˆij 6= 0 (not Ricci flat) because of the internal space
has to be curved for any non-Abelian group. This is
well-known consistency problem of the non-Abelian KK
theories and the supergravity theories as well. However,
by adding suitable matter fields to the action (14), we can
obtain acceptable vacuum solution of the form M4×MN
which is called spontaneous compactification by Crem-
mer and Scherk [59]. Finally, one also can consider gen-
eralize the KK ansatz (3) including massless scalar fields
φ [60, 61] which play an important role in supergravity
but it will not be discussed in this work.
III. THE WEYL-YANG GRAVITY MODEL IN A
(4+N) DIMENSIONS
The dynamics of Weyl-Yang theory of gravity is de-
termined by the curvature-squared gravitational action
on M4+N (or may be alternatively called Stephenson-
Kilmister-Yang action)
SˆWY (x, y) = kˆ
∫
M4+N
Rˆ2ABCD
√
−gˆ d4x dNy, (17)
for matter-free gravity in the (4 + N)-dimensional
space-time with the shorthand notation Rˆ2ABCD ≡
RˆABCDRˆ
ABCD and a real coupling constant kˆ. This Rie-
mannian model is introduced by Yang [33] as an alterna-
tive approach to the Einstein’s theory of General Relativ-
ity by employing perfect analogy with Yang-Mills theo-
ries. The Yang’s theory is developed by Fairchild [36] ap-
plying a` la Palatini variation (P-variation) principle [62]
to obtain Euler-Lagrange equations of the theory in a
natural manner. Thus, the independent variation of the
action (17) with respect to the (4 +N)-dimensional con-
nection (gauge potential) ΓˆA BC and the metric gˆAB gives
the desired Yang-Mills style field equations. If spin and
torsion vanish, from the connection variation, symboli-
cally as δSˆΓˆ[gˆ, Γˆ] = 0, we obtain third-order Yang’s pure
gravitational field equation
DˆARˆ
A
BCD = 0, (18)
which can also equivalently be written by consecutive
contractions and applying the Bianchi identities as fol-
lows
DˆARˆ
A
BCD ≡ DˆCRˆBD − DˆDRˆBC = 0. (19)
Obviously, Yang’s equation (18) generalize Einstein’s
field equations and contains naturally vacuum Ein-
steinian solutions as well as non-Einsteinian ones. The
matter-source term SˆBCD, antisymmetric in C and D,
may also be added to the right hand side of the equation
(18), namely,
DˆARˆ
A
BCD = λˆSˆBCD, (20)
together with some suitable coupling constant λˆ [32, 63–
66]. This gravitational current term is interpreted as the
covariant derivative of the Einstein’s matter stress-energy
tensor by Kilmister [67] later Camenzind [63] without a
variational principle or more conveniently the spin ten-
sor of the matter fields by Fairchild [36]. We can also
rewrite sourceless field equations (18) in many other
ways, see [68, 69].
From the metric variation δSˆgˆ[gˆ, Γˆ] = TˆAB, we ar-
rive at the symmetric second-rank gravitational energy-
momentum tensor together with choosing appropriate kˆ
in the following form
TˆAB ≡ RˆACDERˆB
CDE −
1
4
gˆABRˆ
2
CDEF . (21)
4It is called Stephenson equation for the case TˆAB = 0 [30]
which is divergence-free DˆATˆ
A
B = 0 but not traceless
in higher dimensions. It is actually Tˆ = −(N/4)Rˆ2ABCD
and totally traceless only N = 0 case, i.e. for the usual
4D space-time. Let us finally mention that, the equation
(21) is indeed the contraction form of the well-known
Bel-Robinson superenergy tensor [70, 71], and it appear
perfectly analogous to stress-energy of classical electro-
magnetic theories as well.
IV. THE REDUCTION OF THE QUADRATIC
CURVATURE
The method of dimensional reduction, from higher-
dimensional theory to the actual 4D space-time, bring
into the clear the types of gravitational and gauge fields
together with the forms of interactions between the
constituent fields. The reduced form of the (4 + N)-
dimensional quadratic curvature after performing dimen-
sional reduction procedure is given by
Rˆ2ABCD = Rˆ
2
µνλσ + 4(Rˆ
2
iνλσ + Rˆ
2
iνkσ + Rˆ
2
ijkσ)
+2Rˆ2ijλσ + Rˆ
2
ijkl . (22)
The substitutions of Riemann’s components in equation
(7) into above with a straightforward calculation and help
of the relation
RµνλσF
αµλF βνσ =
1
2
RµνλσF
αµνF βλσ, (23)
gives the dimensionally reduced invariant in the following
form
Rˆ2ABCD= R
2
µνλρ − 3lαβRµνλρF
αµνF βλρ
+
1
2
lαβlγη
(
F4αγβη + 3F
2
αγF
2
βη + 4F
4
αγηβ
)
+3(mαβγF
3
αβγ + kαβF
2
αβ)
+2lαβDµF
α
νλD
µF βνλ +R2ijkl. (24)
Here, we have shortly defined the notations
F2αβ = F
α
µνF
βµν ,
F3αβγ = F
α
µλF
βλσF γσ
µ,
F3 αβγµν = F
α
µλF
βλσF γσν , (25)
F4αβγη = F
α
µλF
βλσF γσνF
ηνµ,
F4 αβγηµν = F
α
µλF
βλσF γσρF
ηρ
ν ,
and, the invariant coefficients are
kαβ = Diξ
α
j D
iξβj , (26)
mαβγ = ξ
α
i ξ
β
j D
iξγj. (27)
Furthermore, in equation (24) and what follows, the
gauge D[µF
α
νλ] = 0 and the gravitational D[τRµν]λσ = 0
Bianchi identities are used, whenever we need them. We
also recognize the fact that, the equation (24) is a com-
mon result for all the basis, because Rˆ2ABCD is clearly
an invariant. We can overcome the term Diξ
α
j by taking
into account Wu and Zee’s assumption [72], then we get
simple formula for covariant derivative of Killing vector
fields as
Diξ
α
j =
1
2
fαβγξβi ξ
γ
j . (28)
However, in this case the internal manifold is reduced
to be homogeneous space which is first discussed by Lu-
ciani [73] in KK theories. Thus, the extra space can now
be written as the symmetric coset space MN = G/H .
H is defined the isotropy subgroup of G, H ⊂ G with
N = dim(G) − dim(H). All the Killing vector terms of
equation (24) are then disappeared, just as expected, by
employing equations (16) and (28) with c = 1
Rˆ2ABCD= R
2
µνλρ −
3
2
RµνλρF
αµνFαλρ +DµF
α
νλD
µFανλ
+
3
4
(fαγηfβγηF2αβ + 2f
αβγF3αβγ) (29)
+
1
8
[F4αβαβ + 3(F
2
αβ)
2 + 4F4αββα] +R
2
ijkl .
The equation (29) defines a new Lagrangian formalism
in a background Yang-Mills fields. It is easy see that,
in addition to the standard 4D Weyl-Yang Lagrangian
term R2µνλρ, the effective 4D action (29) also contains the
well-known RF 2-type term ( [74] and references therein)
which describes a non-minimal coupling between cur-
vature and the non-Abelian gauge field and the self-
interacting Yang-Mills field invariants which are the cubic
term F 3 and the quartic terms F 4 as well. The invari-
ant form F 3 appears only non-Abelian theories, and it is
first studied by Alekseev and Arbuzov [75, 76]. The or-
dinary Yang-Mills Lagrangian term F2αα can be obtained
from the fαγηfβγηF2αβ term, if we normalize the struc-
ture constants such that fαγηfβγη = (N − 1)δαβ . By
virtue of Leibniz rule, the term with covariant derivative
of gauge field tensor may be rewritten symbolically as
(DF )2 = D(FDF ) − FD2F of which first term is total
derivative so it can be dropped from the action, thus we
just have the FD2F -type interactions. Finally, the last
term R2ijkl can be interpreted as the cosmological con-
stant term as well as the 4D Ricci scalar of internal space
R(y) or it can be just ignored so that it does not con-
tain physical fields. As a conclusion, the equation (29)
leads to a modified 4D Weyl-Yang+Yang-Mills action,
and in fact it is some part of second-order Euler-Poincare´
(Gauss-Bonnet) curvature invariant [77–80]. We should
also emphasise that, although the dimensional reduction
of quadratic Lagrangian from 4+N to 4 dimensions is dis-
cussed very early by Cho and et al [11], they not have ob-
tained proper Yang-Mills term F2αα but rather discussed
only (DF )2 term.
5V. THE REDUCTION OF THE FIELD
EQUATIONS
Now, we ready to work out the reduced compo-
nents of (4 + N)-dimensional source-free field equations
DˆARˆ
A
BCD = 0 in (18) by taking into account the KK
reduction scheme, as traditional way. Thus, we have the
six different equations of motions (one 4D part and five
N -dimensional parts) are complementary each other
DˆARˆ
A
νλσ = 0, (30)
DˆARˆ
A
iλσ = 0, DˆARˆ
A
νjσ = 0, (31)
DˆARˆ
A
iλk = 0, DˆARˆ
A
νjk = 0, (32)
DˆARˆ
A
ijk = 0. (33)
After some lengthy but careful manipulations, on ac-
count of mainly equation (7) together with the Killing
vector relations (equations (1) and (2)) and the dual ba-
sis equation (5), one obtains the 4D part of the (4 +N)-
dimensional Yang’s equation in (30) as the 4D Yang’s
equation with current term
DµR
µ
νλσ = Sνλσ, (34)
where
Sνλσ(x, y) = lαβ[J
α
ν F
β
λσ + J
α
[λF
β
|ν|σ] + 2D[σ(F
α
λ]µF
βµ
ν)].
(35)
Here, Jαν is usual non-zero four current term of Yang-
Mills theory, i.e. Jαν = DµF
αµ
ν . The term Sνλσ(x, y)
may be interpreted as the gravitational source like-term
of the 4D matter, and it consists of various combinations
of F and DF terms. It is no difficult to conjecture that,
the equation (35) satisfies the cyclic symmetry S[νλσ] = 0
and covariant conservation DνS
ν
λσ = 0 properties as
expected from a source term. F. O¨ktem comments that
“Those identities then reveal that matter is endowed with
angular momentum” [81]. This result (34) very valuable
from the physical point of view in case the 4D matter-
spin tensor term is induced from in higher dimensions
that matter carrying energy-momentum but not possess-
ing any spin tensor. In this sense our approach is formally
similar to the KK theories. Besides, we can remark that
the first reduced field equation (34) governs mainly the
gravitational fields, since the DR term have the highest
order derivative of the external metric gµν(x).
The reduced form of field equations (31) however give
more complicated relations
ξαi DµD
µFαλσ = −ξ
α
i RµνλσF
αµν + 4ξαjDjξ
β
i F
[α
λµF
β]µ
σ
+ξαi lβγ(F
2
αβF
γ
λσ + 2F
3 αβγ
[σλ] ) (36)
−2FαλσDjD
jξαi ,
ξαi DµDσF
αµ
ν = −ξ
α
i RµντσF
ατµ + 2ξαjDjξ
β
i F
α
σµF
βµ
ν
−
1
2
ξαi lβγ(F
2
αβF
γ
νσ − 2F
3 αβγ
νσ ) (37)
+FανσDjD
jξαi .
The equations (36) and (37) basically govern the Yang-
Mills gauge fields in view of DDF , and they include non-
minimal RF type couplings as well as the cubic terms
F 3. Additionally, we can obtain the covariant derivative
of the non-Abelian current DµJ
α
ν by summing above two
equations ((36) and (37)) as well as employing Bianchi
identities with following relation
ξαi [Dµ,Dν ]F
αλ
σ = ξ
α
i (R
λ
τµνF
ατ
σ −R
τ
σµνF
αλ
τ )
+2ξβjDjξ
α
i F
α
µνF
βλ
σ. (38)
Hence, the result is
ξαi DµJ
α
ν =
1
4
ξαi (F
2
αβF
β
µν −F
3 αββ
µν + 2F
3 αββ
νµ )
+ξαi F
α
νλR
λ
µ + ξ
α
j F
α
µνRi
j . (39)
We can prove that, the contraction of free indices gives
precisely the covariant conservation law for external cur-
rent such that DµJ
αµ = 0.
In an equivalent way, the field equations with two
internal space indices (32) are respectively reduced as
ξαi ξ
β
k (DλF
2
αβ + F
α
λτJ
βτ ) + 2JαλDkξ
α
i = 0, (40)
ξαi ξ
β
kF
[α
λτJ
β]τ + 2JαλDkξ
α
i = 0. (41)
Another interesting result is obtained, if we eliminate
the common term JαλDkξ
α
i of equations (40) and (41) by
adding the equations together. Then, we read
ξαi ξ
β
k [DλF
2
αβ + F
(α
λτ J
β)τ ] = 0, (42)
or, alternatively
fαβλ + f
βα
λ = −2DλF
2
αβ . (43)
Here, fααλ = F
α
λτJ
ατ is confidentially interpreted as a
Lorentz-like force density of the non-Abelian theory. Al-
though such a terms generally emerge from the higher-
dimensional geodesic equations [8], they naturally ap-
pears in the reduced field equations of our approach. It is
difficult to understand physical meaning of this circum-
stance (43), however we can, at least theoretically, say
that the Yang-Mills invariant F2αβ is defined as a field
whose gradient is equal and opposite to the generalized
Lorentz force density.
Finally, from the last field equation (33), we again ob-
tain the Yang’s equation with source term but in this
case for the internal space
DlR
l
ijk = Sijk, (44)
where the unphysical source-like term is found to be
Sijk(x, y) = −
1
2
F2αβ(ξ
α
[kDj]ξ
β
i − ξ
α
i Dkξ
β
j ). (45)
which provides the same conservation and symmetry con-
ditions as the term Sνλσ in (35). In the absence of Yang-
Mills fields we only have source-free Yang’s equation for
external DµR
µ
νλσ = 0 and internal DlR
l
ijk = 0 spaces
respectively.
6Attention will now be turned to investigate the cou-
plings between the components of (4 + N)-dimensional
Ricci tensor Pµν , Qiν , Uij in equations (11)-(13) and the
gauge fields F together with Killing fields ξ. By virtue of
alternative field equation (19), one can recognize the fact
that {Pµν ,Qiν ,Uij}-set are embedded in the Weyl-Yang
field equations of non-Abelian theory (30)-(33). Hence,
from the reduced equations ((34) with (35), (36), (37),
(40), (41) and (44) with (45)) we deduce the following
compact embedded equations
D[λP|ν|σ] +
1
4
ξαi(Fαν[λQ|i|σ] − F
α
λσQiν) = 0, (46)
D[λQ|i|σ] + ξ
α
i F
αµ
[σP|µ|λ] + ξ
αjFαλσUij = 0, (47)
DσQiν + ξ
α
i F
αµ
νPµσ − ξ
αjFανσUij = 0, (48)
DλUik +
1
4
(2DkQiλ + ξ
α
i F
α
λ
τQkτ ) = 0, (49)
DkQjν +
1
2
Fαν
τξα[jQk]τ = 0, (50)
D[iU|k|j] = 0, (51)
on account of identities as mentioned before and the re-
lation DjDkξ
α
l = ξ
α
i R
i
jkl [82]. The equation (47) can
be obtain from the equation (48), thus it is not essential.
The equations (46)-(51) contain the non-Abelian covari-
ant derivative of {Pµν ,Qiν ,Uij}-set, as well as the ordi-
nary derivative of {Qiν ,Uij}-set and various PF , QF -
type coupling terms. Above generalized field equations
are welcome from another point of view that any solution
to the {Pµν ,Qiν ,Uij}-set solves the embedded equations
(46)-(51) naturally.
There is a mismatch between the left-hand side of the
field equation (34) which depends only on external co-
ordinates x and the right-hand side which depends both
on external and internal coordinates x, y. Therefore, to
not only avoid this problem but also to reduce equations
(46)-(51) to the more simpler and physical forms, we re-
strict our considerations such that the internal space is
taken to be the homogeneous coset space the type G/H .
It is easy to see from equation (16) with c = 1 that the
source term (35) yields
Sνλσ(x) =
1
2
[Jαν F
α
λσ + J
α
[λF
α
|ν|σ] + 2D[σ(F
α
λ]µF
αµ
ν)],
(52)
which depend only on external coordinates x as it should
be. Next by using equation (28) and reduce form of equa-
tion (38)
[Dµ,Dν ]F
αλ
σ = R
λ
τµνF
ατ
σ −R
τ
σµνF
αλ
τ
+fβγαF βµνF
γλ
σ. (53)
the first embedded equation (46) becomes
Dλ(Rσν −
1
2F
α
σµF
α
ν
µ)−Dσ(Rλν −
1
2F
α
λµF
α
ν
µ)
+ 14 [F
α
νλDµF
αµ
σ − F
α
νσDµF
αµ
λ − 2F
α
λσDµF
αµ
ν ] = 0.
(54)
Second one (47) simultaneously yields
ξαi [Dλ(DµF
αµ
σ)−Dσ(DµF
αµ
λ)
+Fαµ σ(Rµλ −
1
2
F βµτF
β
λ
τ )− Fαµ λ(Rµσ −
1
2
F βµτF
β
σ
τ )
+
1
2
F βλσ(F
2
αβ − f
ηγαfβγη)] = 0. (55)
The third equation (48) implies that
ξαi [Dσ(DµF
αµ
ν) + F
αµ
ν(Rµσ −
1
2F
β
µτF
β
σ
τ )
+ 14F
β
νσ(F
2
αβ − f
ηγαfβγη)] = 0.
(56)
and the equations (49), (50) are similarly reorganized as
ξαi ξ
β
k [Dλ(F
2
αβ − f
ηγαfβγη) + FαλτDµF
βµτ
+fγβαDµF
γµ
λ] = 0, (57)
ξαj ξ
β
k [F
α
ντDµF
βµτ − F βντDµF
αµτ + 2fγβαDµF
γµ
ν ] = 0,
(58)
respectively. Finally, the last equation (51), on the other
hand, can be expressed in the following form
ξαi ξ
β
j ξ
γ
k [fηαγ(F
2
βη − f
ζpiβfηpiζ)− fηβγ(F
2
αη − f
ζpiαfηpiζ)
+2fηαβ(F
2
ηγ − f
ζpiηfγpiζ)] = 0. (59)
If we remove all the Killing vector terms from embedded
equations (76)-(59), then everything would be fine. Fur-
thermore, it is possible to recognize the following plain
solutions in the reduced equations
Rµν =
1
2
FαµτF
α
ν
τ ,
DµF
αµ
ν = 0, (60)
FαµνF
βµν = fηγαfβγη.
For N = 1 case i.e. G = U(1) and G/H = S1 which gives
the usual 5D KK ground state M4×S
1, we dramatically
obtain well-known KK field equations in the case of scalar
field φ(x) = 1 where Fαµν reduces to Fµν , Dµ to Dµ and
fαβγ to 0. That is
Rµν =
1
2
FµτFν
τ , DµF
µ
ν = 0, FµνF
µν = 0.
(61)
In that respect, the equations (58) and (59) vanish iden-
tically out, and the remaining four reduced field equa-
tions (54)-(57) (with the current term (52)) precisely
gives those of 5D Weyl-Yang-Kaluza-Klein model [55],
as expected. Besides, the equation (43) is reduced to be
more interesting expression fλ = −DλF
2 (also see [55]).
7VI. THE REDUCTION OF THE
STRESS-ENERGY TENSOR
In this section, we obtain the components of energy-
momentum tensor of our model TˆAB (21) in the (4+N)-
dimensional entire space. The computations are more
straightforward by taking into account non-trivial Rie-
mann tensors (7) and reduced form of the quadratic cur-
vature term Rˆ2ABCD (24), however we should recall that
the noncoordinate components of the full metric (6) are
also used here. It is useful to decompose bak (separate)
the Tˆµν as well as Tˆij component of the stress-energy
tensor into trace-free Tˆ
(tf)
µν and trace Tˆ
(t)
µν parts
Tˆµν = Tˆ
(tf)
µν + Tˆ
(t)
µν (62)
because not only the former look nice but also the later
can be employed to find the trace of TˆAB more easily.
Hence, after performing some manipulations, the trace-
less parts are found to be
Tˆ (tf)µν = T
(g)
µν + 3(kαβ +
1
2
lαγlβηF
2
γη)T
(em)αβ
µν
+3lαβT
(c)αβ
µν + 3mαβγT
(1)αβγ
µν (63)
+
1
2
(lαβlγη + 4lαηlγβ)T
(2)αγβη
µν + 2lαβT
(3)αβ
µν .
The first term of equation (63) is labelled as T
(g)
µν for
the reason that it exactly gives pure gravitational stress-
energy tensor of Weyl-Yang gauge theory in the actual
4D external space-time
T (g)µν = RµλσρRν
λσρ −
1
4
gµνRτλσρR
τλσρ. (64)
Another well-known term T
(em)αβ
µν is also welcome from
the equation (63). That is gauge invariant energy-
momentum tensor of the non-Abelian Yang-Mills fields
which can be written
T (em)αβµν = F
α
µλF
β
ν
λ −
1
4
gµνF
α
τλF
βτλ. (65)
The resting non-trivial terms of equation (63) have more
complicated structures because they come, as might be
expected, from higher-order quadratic action. We respec-
tively identify these terms as the stress-energy tensor of
the RF 2-type non-minimal coupling fields
T (c)αβµν = F
βρσFα(µ
λRν)λσρ −
1
4
gµνF
ατλF βρσRτλσρ,
(66)
that of the cubic fields
T (1)αβγµν = F
3 αβγ
(µν) −
1
4
gµνF
3
αβγ , (67)
of the quartic constituent fields
T (2)αγβηµν = F
4 αγβη
µν −
1
4
gµνF
4
αγβη, (68)
and of the (DF )2-type interactions
T (3)αβµν = DµF
α
σρDνF
βσρ −
1
4
gµνDσF
α
τρD
σF βτρ. (69)
The trace part which consists of the remaining terms of
Tˆµν (62) is become
Tˆ (t)µν = −
1
4
gµνR
2
ijkl −
3
2
mαβγF
3 αβγ
(µν) −
3
2
kαβF
α
µλF
β
ν
λ
+
1
2
lαβ[lγη(F
4 αγβη
µν − 2F
4 αγηβ
µν )
+2DσF
α
µρD
σF βν
ρ − 3DµF
α
σρDνF
βσρ]. (70)
Another reduced component of the energy-momentum
tensor is the Tˆµi which turns out that
Tˆµi=
1
2
ξαi RµλσρD
λFασρ + ξαj D
jξβi F
βσρD(µF
α
ρ)σ
+ξαi lβγ [
3
2
F βµ
λF σργ DσF
α
ρλ − F
ασλF βλ
ρD(µF
γ
σ)ρ].
(71)
Similarly, the i − j component of equation 21) can be
split into a trace-free and a trace part as follows
Tˆij = Tˆ
(tf)
ij + Tˆ
(t)
ij , (72)
where
Tˆ
(tf)
ij =
N
4
T
(g)
ij +
N
16
[lγη(F
4
αγβη + 4F
4
αγηβ)
+4DµF
α
νλD
µF βνλ]T
(1)αβ
ij (73)
+
3N
4
[F2αβT
(2)αβ
ij + F
3
αβγT
(3)αβγ
ij ].
The T
(g)
ij appear formally to be 4D stress-energy tensor
of Weyl-Yang theory but in this case for the internal
space. That is, T
(g)
ij is written in terms of the Riemann
tensors of internal space
T
(g)
ij = RinklRj
nkl −
1
N
gijRmnklR
mnkl. (74)
Other unphysical energy-momentum tensors correspond-
ingly are
T
(1)αβ
ij = ξ
α
i ξ
β
j −
1
N
gijξ
α
k ξ
βk, (75)
T
(2)αβ
ij = Dnξ
α
i D
nξβj −
1
N
gijDnξ
α
mD
nξβm, (76)
T
(3)αβγ
ij = ξ
α
nξ
β
(iD
nξγ
j) −
1
N
gijξ
α
n ξ
β
mD
nξγm, (77)
together with more complicated trace part
Tˆ
(t)
ij = −
1
4
gij [R
2
µνλρ −
3
2
lαβ(2RµνλρF
αµνF βλρ
−lγηF
2
αγF
2
βη)]− (
N − 4
4
)RinklRj
nkl
−(
3N − 6
4
)[Dnξ
α
i D
nξβj F
2
αβ + ξ
α
nξ
β
(iD
nξγ
j)F
3
αβγ ]
−
1
16
ξαi ξ
β
j
{
lγη[(N + 4)F
4
αγβη + 2(N − 2)F
4
αγηβ]
+4(N − 1)DµF
α
νλD
µF βνλ
}
. (78)
8In 5D KK theories, Tˆµ5 may be interpreted as the cur-
rent density by help of conservation law DˆµTˆ
µ
5 = 0. In
our approach, it is not only easy to find physical roles
or consequences of components Tˆµi and Tˆij but also to
obtain an analogues of those in the 4D Einstein’s theory
of gravity. Now, we can calculate the trace of the full
TˆAB (i.e. Tˆ ) by using
Tˆ ≡ gˆABTˆAB = gˆ
µν Tˆ (t)µν + gˆ
ij Tˆ
(t)
ij . (79)
The trace is easily obtained by employing in the man-
ner of equations (70) and (78). The result will not here
be considered further, however the resulting form can
be checked on due to the fact that Tˆ = −(N/4)Rˆ2ABCD
(from equation (21)) with equation (24). It is no diffi-
cult to conjecture that, the absence of non-Abelian gauge
fields Aαµ = 0 we only get pure gravitational stress-energy
tensor Tˆµν = T
(g)
µν with Tˆµi = Tˆij = 0.
Attention will now be turned to investigate the reduced
energy-momentum tensors which are already obtained
below for the case where the internal space is the ho-
mogeneous coset space. On account of all necessarily
assumptions which are mentioned previous sections, the
traceless part Tˆ
(tf)
µν in (63) is become
Tˆ (tf)µν = T
(g)
µν +
3
8
(2fαγηfβγη + F2αβ)T
(em)αβ
µν +
3
2
T (c)ααµν
+
3
2
fαβγT (1)αβγµν +
1
8
T (2)αβαβµν +
1
2
T (2)αββαµν
+T (3)ααµν , (80)
and the trace part in (70) is
Tˆ (t)µν = −
1
4
gµνR
2
ijkl −
3
8
fαγηfβγηFαµλF
β
ν
λ
−
3
4
fαβγF3 αβγ(µν) +
1
8
(F4 αβαβµν − 2F
4 αββα
µν )
+
1
2
DσF
α
µρD
σF βν
ρ −
3
4
DµF
α
σρDνF
ασρ. (81)
Hence, we recognize the fact that the component Tˆµν
(the summation of equation (80) and equation (81)) is
Killing term-free equation, and the resulting expression is
more convenient to bring out type of interactions between
constituent fields.
Next, the Tˆµi (71) yields
Tˆµi =
1
2
ξαi [RµλσρD
λFασρ + fαβγF βσρD(µF
γ
ρ)σ
+
3
2
F βµ
λF βσρDσF
α
ρλ − F
ασλF βλ
ρD(µF
β
σ)ρ].(82)
Let us finally evaluate the last component Tˆij of the
stress-energy tensor TˆAB. The equation (73) is reduced
to
Tˆ
(tf)
ij =
N
4
T
(g)
ij +
N
16
(F4αγβγ + 4F
4
αγγβ + 4DµF
α
νλD
µF βνλ
+3F2ηζf
ηγαf ζγβ)Tαβij +
3N
8
F3ηαγf
γηβT˜αβij . (83)
Here, we write to show that
Tαβij = ξ
α
i ξ
β
j −
1
N
gijδ
αβ , (84)
T˜αβij = ξ
α
(iξ
β
j) −
1
N
gijδ
αβ . (85)
It means that, the T
(1)αβ
ij in (75) and the T
(2)αβ
ij in (76)
reduced to the Tαβij equation (84) , the T
(3)αβγ
ij in (77)
to the T˜αβij equation (85), respectively. As another point
of view, the equation (78) which is trace part of Tˆij is
equivalent to
Tˆ
(t)
ij = −
1
4
gij [R
2
µνλρ −
3
2
RµνλρF
αµνFαλρ +
3
8
(F2αβ)
2]
−(
N − 4
4
)RinklRj
nkl − (
3N − 6
8
)fγηβξα(iξ
β
j)F
3
ηαγ
−
1
32
ξαi ξ
β
j [(N + 4)F
4
αγβγ + 4(N − 2)F
4
αγγβ
+8(N − 1)DµF
α
νλD
µF βνλ + 6(N − 2)fηγαf ζγβF2ηζ ].
(86)
The compatibility is also welcome here for the 5D KK
picture where ξαi = 1 and Rijkl = 0. The equations (80),
(81), (82) and (86) exactly reduce to the those of our
previous model [55], and the equation (83) goes explicitly
to 0. It should be emphasised that, we use in (82) well-
known tensorial rule, the inner product of a symmetric
and an antisymmetric tensor vanishes.
VII. CONCLUSIONS
In this paper, we have completely generalized meth-
ods and results from our previous work Bas¸kal and
Kuyrukcu [55] to the non-Abelian case without includ-
ing any scalar fields by taking into account spinless and
torsionless Weyl-Yang gravity model in the context of the
more than five dimensional pure KK theories. We have
firstly given a brief review of both of the non-Abelian
KK theory and Weyl-Yang gravity model, respectively.
Next, we have performed a popular dimensional KK
reduction procedure to obtain the modified 4D Weyl-
Yang+Yang-Mills action from a pure (4+N)-dimensional
Weyl-Yang gravitational Lagrangian without supplemen-
tary matter fields. In that respect, the dimensionally
reduced field equations which contain naturally the gen-
eralized gravitational source term and the Lorentz force
density and stress-energy tensors are simultaneously in-
vestigated, and they are compared with the our previous
gravity model and standard higher-dimensional KK the-
ories, respectively. In our approach, the 4D matter-spin
source term is induced from those that matter carrying
energy-momentum but not possessing any spin tensor.
We also extend the reduced equations to more physical
forms by taking the compact internal space as a homo-
geneous coset spaces background needed in KK theories.
9S. Bas¸kal comments that “The 5D Weyl-Yang theory
appears to be more complete compared to that of the
standard KK model by accommodating terms that can
be identified as the Lorentz force density.” [55]. Our the-
ory which is extension of 5D Weyl-Yang model to the
case of a higher dimensional non-Abelian KK theory has
effectively completed this remark with the generalized
gravitational source term which is not exist in the liter-
ature.
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